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HIGH-DIMENSIONAL METRIC-MEASURE LIMIT OF STIEFEL AND 

GRASSMANN MANIFOLDS 

TAKASHI SHIOYA AND ASUKA TAKATSU 


Abstract. We study the high-dimensional limit of (projective) Stiefel and Grassmann 
manifolds as metric measure spaces in Gromov’s topology. The limits are either the infinite¬ 
dimensional Gaussian space or its quotient by some mm-isomorphic group actions, which 
are drastically different from the manifolds. As a corollary, we obtain some asymptotic 
estimates of the observable diameter of (projective) Stiefel and Grassmann manifolds. 


1. Introduction 

Gromov developed the metric geometric theory of metric measure spaces, say mm-spaces 
(see m). There he dehned a concept of convergence, which we prefer to call weak conver¬ 
gence, of mm-spaces by the convergence of the sets of 1-Lipschitz continuous functions on the 
spaces. This is a weaker version of measured Gromov-Hausdorff convergence. In fact, a mea¬ 
sured Gromov-Hausdorff convergent sequence converges weakly to the same limit, however 
the converse does not necessarily hold. The idea of the dehnition of weak convergence came 
from the concentration of measure phenomenon due to Levy and Milman (see [BIISII^ITB]). 
In fact, since any function on a one-point mm-space is constant, a sequence {Xn}’^=i of mm- 
spaces converges weakly to a one-point mm-space if and only if any 1-Lipschitz function on 
Xn is almost constant for all sufficiently large n, which is just the concentration of measure 
phenomenon. Levy’s celebrated lemma [9] is rephrased as that the sequence of unit spheres 
in Euclidean spaces converges weakly to a one-point mm-space as dimension diverges to 
inhnity. 

It is a natural problem to study the weak limit of a non-Gromov-Hausdorff precompact 
sequence of specihc manifolds, such as homogeneous manifolds, as dimension diverges to 
inhnity. In our main theorems, we observe that the high-dimensional weak limits of (pro¬ 
jective) Stiefel and Grassmann manifolds are drastically different from the manifolds in the 
sequence. This kind of phenomenon is never seen in the Gromov-Hausdorff convergence. 

For n = 1, 2,..., oo, we call the mm-space L” := (M”, || • ||, 7 "') the n-dimensional {stan¬ 
dard) Gaussian space, where || • || is the P (or Euclidean) norm and 7 ” the n-dimensional 
standard Gaussian measure on M". If n = 00 , then || ■ || takes values in [0, -boo]. Let F be 
one of R, C, and H, where El is the algebra of quaternions, and let denote the set of 

N X n matrices over F. Recall that the {N,n)-Stiefel manifold over F, say is dehned 
to be the submanifold of consisting of matrices with orthonormal column vectors. We 
equip Stiefel manifolds with the mm-structure induced from the Frobenius norm and the 
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Haar probability measure. We set := N ■ dimR F for a number N. Let be a se¬ 

quence of positive integers such that uat < iV for all N. We consider the following condition 
(*) for the sequence {hn}- 


N 


(*) There exists a number c G (0,1) such that sup 21ognAr — y-t/ < oo. 


N 


n 


N 


Note that we have (*) for = 0{Np), 0 < p < 1/3 (see Remark Id-lOlfTbll L One of our main 
theorems is stated as follows. 


Theorem 1 . 1 . If {un} satisfies (*), then the {N,nN)-Stiefel manifold with distance 

multiplied by \/N^ — 1 converges weakly to the infinite-dimensional Gaussian space r°° as 
N —)■ oo. 


Note that the inhnite-dimensional Gaussian space is not an mm-space in the ordinary 
sense and is dehned as an element of a natural compactihcation of the space of isomorphism 
classes of mm-spaces. In the case where = 1, the manifold is a sphere in a 

Euclidean space, for which the weak limit was obtained in [ISIE]. 

To specify the high-dimensional weak limit of Grassmann and projective Stiefel manifolds, 
we need some notations. Denote by U^{n) the F-unitary group of size n, i.e., U^{n) is the 
orthogonal group if F = M, the complex unitary group if F = C, and the quaternionic 
unitary group if F = H. U^{n) acts on by right multiplication. We dehne the inhnite- 
dimensional Gaussian measures on ^ and F°° by identifying ^ and F°° with 
under natural isomorphisms. The U^{l)-Hopf action on F°° is dehned as the U^{1) left 
multiplication. Note that the {N,n)-Grassmann manifold over F, say is obtained as 

the quotient of the {N, n)-Stiefel manifold over F by the t/'^(n)-action, and that the projective 
{N,n)-Stiefel manifold over F, say PVjvm obtained as the quotient of the (A^, n)-Stiefel 
manifold over F by the t/'^(l)-Hopf action. Note also that the 17^(n)-action and the U^{1)- 
Hopf action on the {N, nj-Stiefel manifold are both mm-isomorphic. We equip Grassmann 
and projective Stiefel manifolds with the quotient metric of the Frobenius norm and the 
Haar probability measure (see Dehnition 12.181) . Applying (the proof of) Theorem 11.11 we 
prove the following theorem. 

Theorem 1.2. (1) For any fixed positive integer n, as N ^ oo, the {N,n)-Grassmann 

manifold ^ over F with distance multiplied by y/N^ — 1 converges weakly to the 

quotient of (M^^, || • ||,7°°) by the F-unitary group U^{n) of size n, where || • || is 
the Frobenius norm. 

(2) //{n^v} satisfies (*), then the projective {N,nyf)-Stiefel manifold over F 

with distance multiplied by y/N^ — 1 converges weakly to the quotient of the infinite¬ 
dimensional Gaussian space (F°°, || • ||, 7 °°) by the U^{l)-Hopf action. 

The reason why we hx n in Theorem II.2r ij is that we do not know the weak convergence 
of the quotient space of || • ||, 7 °°) by U^{n) as n —)■ cxo. If it converges weakly, then 

the (A^, n^vj-Grassmann manifold also converges weakly to the same limit, provided {njv} 
satishes (*). 

In the case where = 1, the projective (A^, 1)-Stiefel manifold over F is just the projective 
space over F, for which the weak limit was obtained in d- 

Theorems II.II and II.21 are also true for any subsequence of {A^}. The proofs are the same. 
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The observable diameter of an mm-space is a quantity of how much the measure of the 
mm-space concentrates (see Dehnition 12.51) . As a corollary to the above theorems, we have 
some asymptotic estimates for the observable diameter of (projective) Stiefel and Grassmann 
manifolds. 


Corollary 1.3. If {riisf} satisfies (*), then we have, for any 0 < a < 1, 

(1) Jin^\/i^ObsDiam(l/^„^; -k) = 2 D-^ f) ’ 

(2) limsup \/ObsDiam(G^„^; —k) < 2 D~^ , 

N^oo ’ V 2/ 

(3) liminf V ObsDiam(G^ —k) > — k) for any fixed n, 

N^oo ’ 

(4) limsup V ObsDiam(PV)^„j^; —k) < 2 

N^oo ’ V 2/ 

(5) liminf V ObsDiam(PV)^,^ ; —k) > e^'^^(l — k) for any with < N, 

A->cxd ’ " 


where 

D{r) := 7 i((-cx),r]) 

is the cumulative distribution function of'y^. 



1 

, _ e 2 dx 


Some upper bounds of the observable diameter of Stiefel and Grassmann manifolds were 
essentially obtained by Milman mm and Milman-Schechtman HI formerly. Gorollary 
ll.3f 11 gives an asymptotically optimal estimate. (2) and (4) are direct consequences of (1). 
(3) is a nontrivial result. As far as the authors know, any lower estimate of the observable 
diameter of the Grassmann manifold was not known before. 

The (A^, n)-Stiefel manifold over F is naturally embedded into We point out that 

just to compare the distance between the Haar probability measure on the (A^, n)-Stiefel 
manifold and the Gaussian measure on is not enough to obtain Theorem 11.11 In fact 
we have the following 


Theorem 1.4. The Prohorov distance between the Haar probability measure on the {N,n]\[)- 
Stiefel manifold over F with distance multiplied by \J— 1 and the Gaussian measure 
npf is bounded away from zero for all N = 1,2,.... 


Theorems 11.11 and 1 1. 41 tell us that the weak convergence of mm-spaces is different from the 
weak convergence of measures. 

The idea of the proof of Theorem 11.11 is as follows. Denote by Xfi ^ the (A^, n)-Stiefel 
manifold over F with distance multiplied by \/— 1. It suffices to prove that 


11 


lim X 

N^OC 

lim X 

N^OO 


N^TIn 


N,nN 


p r 


where -< is the Lipschitz order relation (see Dehnition 12.3p . Note that the Lipschitz order 
relation naturally extends to the relation on the compactihcation of the space of mm-spaces. 

(ii) follows from an easy discussion. S'”(r) denotes an n-dimensional sphere of radius r in 
a Euclidean space. We have 
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and the Maxwell-Boltzmann distribution law implies 

lim - 1 ) ^ 

A^oo 

for any k. Combining these leads to (ii). 

For the proof of (i), we hnd a suitable neighborhood of in which has most of 

the total measure of gQ neighborhood approximates || • 

We estimate the Lipschitz constant of the nearest point projection from the neighborhood to 
riiv using the polar decomposition of a matrix in the neighborhood, where the smallest 
Lipschitz constant is eventually close to one. We need delicate estimates of the measure of 
the neighborhood and the Lipschitz constant to justify the proof of (i), in which we hnd out 
that the condition (*) guarantees to our estimates. Note that we do not know the weak limit 
without (*). 

Theorem 11.21 is proved by using Theorem 11.11 To prove it, we need maps between Xfj^^ 
and a hnite-dimensional approximation of r°° that are equivariant with respect to the U^{n) 
and t/^(l)-Hopf actions. We need the generalization of the Maxwell-Boltzmann distribution 
law due to Watson [18] to obtain such maps for the case of Grassmann manifolds. 

Our main theorems could be related with the inhnite-dimensional analysis, such as the 
theory of abstract Wiener spaces. In fact, the inhnite-dimensional Gaussian space is 
an abstract Wiener space with as its Cameron-Martin space. However, admits no 
separable Banach norm htting to 7 °° and is not mm-isomorphic to any abstract Wiener 
space with separable Banach norm. By this reason, many useful theorems in the theory 
of abstract Wiener spaces cannot be applied to r°°. We conjecture that the weak limit of 
compact homogeneous Riemannian manifolds is not mm-isomorphic to any abstract Wiener 
space with separable Banach norm. 


2. Preliminaries 

2.1. Metric measure geometry. In this subsection, we give the dehnitions and the facts 
stated in [S] §3|] and [16]. The reader is expected to be familiar with basic measure theory 
and metric geometry (cf. [IJ-EIE])- 

2.1.1. mm-Isomorphism and Lipschitz order. 

Definition 2.1 (mm-Space). Let {X,dx) be a complete separable metric space and pix a 
Borel probability measure on X. We call the triple {X, dx, f^x) an mm-space. We sometimes 
say that X is an mm-space, in which case the metric and the measure of X are respectively 
indicated by dx and nx- 

Definition 2.2 (mm-Isomorphism). Two mm-spaces X and Y are said to be mm-isomorphic 
to each other if there exists an isometry / : supp px —t supp piy such that /#/Ux = /Uy, where 
fp^Hx is the push-forward of px by / and supp px the support of px- Such an isometry / is 
called an mm-isomorphism. Denote by X the set of mm-isomorphism classes of mm-spaces. 

Any mm-isomorphism between mm-spaces is automatically surjective, even if we do not 
assume it. Note that X is mm-isomorphic to {supp px,dx, P^x)- 
We assume that an mm-space X satisfies 

X = supp px 


unless otherwise stated. 
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Definition 2.3 (Lipschitz order). Let X and Y be two mm-spaces. We say that X {Lips- 
chitz) dominates Y and write Y -< X ii there exists a 1-Lipschitz map f : X ^ Y satisfying 
/#/ix = fiY- We call the relation -< on A” the Lipschitz order. 

Proposition 2.4. The Lipschitz order -< is a partial order relation on X, i.e., we have the 
following (1), (2), and (3) for any mm-spaces X, Y, and Z. 

(1) X ^ X. 

(2) If X -<Y and Y -< X, then X and Y are mm-isomorphic to each other. 

(3) IfX -<Y andY < Z, then X ^Z. 


2.1.2. Observable diameter. The observable diameter is one of the most fundamental invari¬ 
ants of an mm-space. 


Definition 2.5 (Partial and observable diameter). Let X be an mm-space and let a > 0. 
We define the partial diameter diam(X; 1 — k) = diam(/ijis:; 1 — k) of X to be the infimum of 
diamA, where A (Z X runs over all Borel subsets with fix{A) > 1 — k and diamA denotes 
the diameter of A. Denote by Cipi{X) the set of 1-Lipschitz continuous real-valued functions 
on X. We define the observable diameter of X to be 

ObsDiam(X; —k) := sup diam(/^yUx; 1 — «^)- 

fecippx) 


Proposition 2.6. If X ~<Y for two mm-spaces X and Y, then 

ObsDiam(X; —k) < ObsDiam(y; —k) 

for any k > 0. 


2.1.3. Distance between measures. 


Definition 2.7 (Total variation distance). The total variation distance dTv(hX) of 
Borel probability measures /i and on a topological space X is defined by 

drv(h5 ■= sup I p(^) — i^{A) I, 

A 

where A runs over all Borel subsets of X. 


If jj, and p are both absolutely continuous with respect to a Borel measure u on X, then 

1 


dTv(h, = 


f 

dp 

dp 

lx 

duj 

doj 


den, 


where ^ is the Radon-Nikodym derivative of /i with respect to uj. 


Definition 2.8 (Prohorov distance). The Prohorov distance dp{fi,p) between two Borel 
probability measures ja and u on a. metric space X is defined to be the infimum of e > 0 
satisfying 

fi{B^{A)) > p{A) - e 

for any Borel subset A Z X, where 


B^{A) := { X E X \ dx{x, A) < e }. 


The Prohorov metric is a metrization of weak convergence of Borel probability measures 
on X provided that X is a separable metric space. 


Proposition 2.9. For any two Borel probability measures p. and u on a metric space X, we 
have dp(/i, z/) < dTx{p,p). 
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Definition 2.10 (Ky Fan distance). Let be a measure space and Y a metric space. 

For two /i-measurable maps f,g : X ^Y, we define the Ky Fan distance dy^p{f,g) between 
f and g to be the infimum of e > 0 satisfying 

/i({ x e X I dY{f{x),g{x)) > e}) <e. 

dpp is a pseudo-metric on the set of /r-measurable maps from X to F". It follows that 
dpp{f, 5 f) = 0 if and only if / = /i-a.e. 

2.1.4. Box distance and observable distance. 

Definition 2.11 (Parameter). Let I := [0,1) and let X be an mm-space. A map ip : I ^ X 
is called a parameter of X if (p is a Borel measurable map such that = /Ux, where 

denotes the one-dimensional Lebesgue measure on I. 

It is known that any mm-space has a parameter. 

Definition 2.12 (Box distance). We define the box distance □(X, Y) between two mm-spaces 
X and Y to be the infimum of £ > 0 satisfying that there exist parameters : / —?■ X, 
■. I —^Y, and a Borel subset Iq <Z I such that 

and \p}*dx{s,t) —'ip*dY{s,t)\ < e 

for any G Jq, where ip*dx{s,t) := dx{ip{s),ip{t)) for s,t E I. 

The box metric □ is a complete separable metric on X. 

Proposition 2.13. Let X be a complete separable metric space. For any two Borel proba¬ 
bility measures g. and v on X, we have 

□ ((X,/i),(X,i.)) <2dp(/i,j.). 

Definition 2.14 (Observable distance). For any parameter (p of X, we set 

(p*£^Pl(X) ■={ f o^p \ f e £^Pl(X) }. 

We define the observable distance dconc{X,Y) between two mm-spaces X and Y by 

dconc{X,Y) := inf dn{Lp*Cip.i^{dx),fj*Cip.^{dY)), 

where ip : I ^ X and : I ^ Y run over all parameters of X and Y, respectively, and where 
dn is the Hausdorff metric with respect to the Ky Fan metric dpp for the one-dimensional 
Lebesgue measure on /. dconc is a metric on X. We say that a sequence of mm- 

spaces concentrates or converges weakly to an mm-space X if X„ dconc-converges to X as 
n —>■ cx). 

Proposition 2.15. For any two mm-spaces X and Y we have dconc{X,Y) < □(X, K). 

2.1.5. Group action. Let X be a metric space and G a group acting on X isometrically. 
Let X = X/G be the quotient space of X by the G-action. Denote by x the class in X 
represented by a point x E X. We define a pseudo-metric dx on the quotient space X by 

dx{x,y)-.= mi dx{g-x,h-y), x,yEX. 

g,hGG 

dx is a metric if every orbit of G is closed in X. 

Let X and Y be two metric spaces and G a group acting on X and Y isometrically. For 
any G-equivariant map f -. X ^Y (i.e., g-f{x) = f{g-x)), we have a unique map f : X ^ Y 
with the property that f(x) = f{x) for any x E X. We call / the quotient map of f. 
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Lemma 2.16. For any L > 0 and for any G-equivariant L-Lipschitz map f : X ^ Y, the 
quotient map f is also L-Lipschitz. 

Proof. For any x,y G X, we see 

dY{f{x)J{y)) = dY{f{x)J{y)) = ini drig ■ f{x),h- f{y)) 

g,hGG 

= ini drifig ■ x)J{h-y)) < L ini dx{g ■ x,h ■ y) = Ldx{x,y). 

g,hGG qAGG 

This completes the proof. □ 

For a Borel measure fi on X, we denote by p, the push-forward measure of /i by the natural 
projection X ^ X. 

Lemma 2.17 f [T71 Lemma 5.9]). Let X be a metric space and G a group aeting on X iso- 
metrically. Then, for any two Borel probability measures fi and v on X, we have dp{p, it) < 

dp{fi,iy). 

Definition 2.18 (Quotient mm-space). Let X be an mm-space and G a group acting on X 
isometrically such that every orbit is closed in X. We equip the quotient space X with dx 
and fix '■= pxi and call it the quotient mm-space of X by the G-action. 

2.1.6. Pyramid. 

Definition 2.19 (Pyramid). A subset V (Z X is called a pyramid if it satishes the following 

(1), (2), and (3). 

(1) If a: G P and if y ^ AT, then Y eV. 

(2) For any two mm-spaces X, X' G P, there exists an mm-space P G P such that 
A ^ y and a:' ^ Y. 

(3) P is nonempty and D-closed. 

We denote the set of pyramids by fl. 

For an mm-space X we dehne 

Vx-={X' \ X' ^X}, 

which is a pyramid. We call Vx the pyramid associated with X. 

We observe that A -< y if and only if Vx C Py- It is trivial that A is a pyramid. 

Definition 2.20 (Weak convergence). Let Pn,P G LI, n = 1,2,_ We say that Vn 

converges weakly to P as n —)■ oo if the following (1) and (2) are both satished. 

(1) For any mm-space A G P, we have lim„^oo n(A, P„) = 0. 

(2) For any mm-space A G A \ P, we have liminf^^oo n(-A, Vn) > 0. 

For an mm-space A, a pyramid P, and f > 0, we dehne 

tX := {X,t dx, fix) and tV := { tX | A G P }. 

The following is obvious. 

Lemma 2.21. (1) Let V and Vn, n = 1, 2,..., he pyramids, and let t, tn be positive real 

numbers. If tn ^ t and Vn converges weakly to V as n ^ oo, then tnVn converges 
weakly to tV as n ^ oo. 

(2) If {Xn}fLi is a monotone increasing sequence of mm-spaces with respect to the Lip- 
schitz order, then Vx„ converges weakly to the \3-closure of the union ofVx„- 




TAKASHI SHIOYA AND ASUKA TAKATSU 


Theorem 2.22. There exists a metric p on H compatible with weak convergence and satis¬ 
fying the following (1), (2), and (3). 

(1) The map l : X 3 X ^ Vx G 11 zs a 1-Lipschitz topological embedding map with 
respect to G?conc p. 

(2) n is p-compact. 

(3) l{X) is p-dense in 11. 

In particular, (H, p) is a compactification of {X, dconc)- 
Note that we identify X with Vx in §1. 

Combining Propositions 12.9112.13112.151 and Theorem 12.221 yields the following 

Corollary 2.23. For any two Borel probability measures p and u on a complete separable 
metric space X, we have 

pi'P(x,fj,),'P{x,u)) < dconc{{X, p),{X, p)) < D{{X, p),{X,n)) 

< 2 dp[p, z/) < 2 dpxi^P-, 

2.2. Decompositions of real, complex, and quaternion matrices. Let F be one of 

M, C and H, where HI is the non-commutative algebra El of quaternions, which is dehned as 

M := {z := zo + Zii+Z 2 i+Z 3 k | zq,-^ 2 ,-^3 G M}, i^ = = ij k =-1. 

Note that M and C are naturally embedded into H. For z = zq -\- zi i+Z 2 j Fzsk G H, we 
dehne 

Re(2;) := zo, 2 :* := i +^2 j+^3 k). 

Let denote the set of all iV x n matrices over F and let := For iV G N, we 

set := iV-diniR F and sometimes identify with and where we consider 

F^ as the space of numerical column vectors over F. Let denote the standard basis 

of F^. The identity matrix of size N is indicated by In and the N x n zero matrix by 
Oat^^. For Z = {zp)i<rn<N,i<i<n G its adjoint Z* (reap, transpose ^Z) is the n x N 

matrix with (/, m)-component (z^)* (resp. z™). The trace and the Frobenius norm of 
Z = {zf^)i<m,i<N G are respectively dehned as 

N 

tr(Z):=J24, ||Z|I - ytyz^. 

Z=1 

It follows that (tr(Z))* = tr(Z*) and (ZW)* = W*Z* for any Z,W E Mf^. Dehne an 
F-valued function (•, •) on x by 

{Z,W) := tT{Z*W) 

for Z,W E Then, Re (•, •) is an M-inner product on and we have 

jjZ - 1F||2 = ||Z||2 + ||hF||2 - {ii{Z*W) + tr(lF*Z)) = ||Z||^ + ||hF||2 - 2 Re (Z, W ). 

Although (•, •) is not F-bilinear, a standard argument proves the Cauchy-Schwarz inequality 
II (Z, W) II < ||Z|| ||1F|| for any Z, VF G 

Definition 2.24 (Unitary and Hermitian matrices). We say that a matrix Z G Mfj- is 
unitary (resp. Hermitian) if we have Z*Z = ZZ* = Ix (resp. Z* = Z). 
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We remark that U G is unitary if and only if \\Uz\\ = || 2 ;|| holds for any 2 ; G . Let 
U^{N) denote the group of unitary matrices of size N. For any Hermitian matrix H G M^, 
there exist U G U^{N) and C M such that 

H = U ■ diag((Ti,..., ctat) • U* 

(see m Corollary 6.2]), where diag(- • •) denotes the diagonal matrix. This decomposition 
is called the eigen decomposition and ai, I = 1,... ,N, are called the eigenvalues of H. It is 
easy to check that Z*Z for Z G is Hermitian and all its eigenvalues are non-negative. 
Let us introduce two matrix decompositions. 

Theorem 2.25 (cf. [HI Theorems 7.1 and 7.2]). For any matrix Z G with N > n, there 
exist a Hermitian matrix H G with non-negative eigenvalues and a matrix Q G 
such that 

Z = Q-H, Q*Q = 4 . 

In addition, there also exist U G U^{N), V G U^{n) and a monotone non-increasing sequence 
{Ai(Z)}]Li of non-negative numbers such that 

Z = U ■ k-V\ A := , An(^))\ ^ 

\ I^N-n,n ) 

^ = i7 = H-diag(Ai(Z),...,A4Z))-W. 

yUTV —77,71 J 

The two decompositions Z = QH and Z = UKV* are called polar and singular value 
decompositions, respectively. Although the two matrix decompositions may not be unique 
in general, {A;(Z)}]Li is uniquely determined, which coincides with the positive square root 
of the eigenvalues of Z*Z. We call A/(Z), / = 1,... ,n, the singular values of Z. In the case 
of Xn{Z) > 0, the polar decomposition is unique and Q, H are given by 

Q = ZH-\ H = (Z*Z)i/A 

Remark 2.26. (1) Given any U G U^{N) and Z G we see that Z = Q ■ H is a, polar 

decomposition of Z if and only if so is t/Z = {UQ) ■ H. 

(2) We observe that the maximal singular value of a matrix coincides with its spectrum norm. 
The triangle inequality for the spectrum norm implies that Ai(Z -|- W) < Ai(Z) -|- Ai(IF). 

2.3. Stiefel manifold and its quotient space. 

Definition 2.27 (Stiefel manifold). For A^,n G N with N > n, the {N,n)-Stiefel manifold 
V^ri o^^r F is the set of all ortho normal n-frames in F^, namely 

^N,n {('^1) • • • ) ^n) £ ^N,n I ^ni) ^ "F 1 1 HI ^ h}, 

where 5im is the Kronecker delta. Denote by the Haar (or uniform) probability measure 

on 

Note that = U^{N) and is identihed with the — l)-dimensional Euclidean 
unit sphere. 

Let us recall a characterization of a Haar measure. Given any U G U^{N), we dehne the 
map ^N,ra ^m(^) = HZ for Z G The map is isometric and its 

inverse map is given by . 
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Proposition 2.28 (cf. [HI Theorem 1.3]). A Borel probability measure v on ^ coincides 

with g^iy j^g left-invariant under the U^{N)-action, that is, 

v[Ulm = u{B) 

holds for any Borel set B C and U G U^{N). 

We consider the (iV, n)-Stiefel manifold over F as an mm-space = (V^^, || • ||, 

The unitary group U^{n) acts on by right multiplication, that is, 

<,n X U^{n) 3 (Z, U)^ZUe 

We also consider the Hopf action on that is the acton of the unitary group U^{1) = 

{t E F I ||t|| = l}of size 1 given by left multiplication. 

Note that every orbit in of U^{n) and U^{1) is closed. We call the two quotient 

mm-spaces 

G^,n--=V^jU^{n) and := f/^(l)\P 4 

the {N,n)-Grassmann manifold and the {N,n)-projective Stiefel manifold over F, respec¬ 
tively. The (iV, n)-Stiefel manifold over F with distance multiplied by \/N^ — 1 is identihed 
with 

^N,n ■= {(^1) E I {Zl, Zm) = {N^ “ 1 < /, m < u} 

with the Frobenius norm and the Haar probability measure on Note that 

is a unique left-invariant Borel probability measure under the t/^(A^)-action. 

2.4. Gaussian space. For a positive integer m, we denote by 7 ™ the (standard) Gaussian 
measure on R™' , which is dehned for a Lebesgue measurable set B C R™' by 

^ dx. 

The mm-space F”^ := (R™, || • ||, 7 ™') is called the m-dimensional (standard) Gaussian space. 
By Lemma [2.211 21. as m —?■ 00 , Vr^ converges weakly to the D-closure of the union of Vr^, 
which we call the virtual infinite-dimensional Gaussian space Pr°°. 

Let I < N and let vr/^(n) : -3 be the projection dehned by 

/zl, ..., 4 \ 

^ ; ; U 

\z[ ..., zj 

We set := 7r/^(l) : F^ -3 FK The projections and vr/^(n) are both 1-Lipschitz 
continuous, preserving Gaussian measures, and equivariant under the f/'^(l)-Hopf action 
and the [/'^(nj-action, respectively. We remark that the f/^(l)-Hopf action and the U^(n)- 
action for n = 1 do not coincide with each other in the case where F = H, because of the 
non-commutativity of H. We have the quotient maps nf : U^(1)\F^ -3 U^(1)\F^ and 
Tff(n) : Mf)^/U^{n) -3 Mf^/U^{n), which are both 1-Lipschitz continuous by Lemma [2.161 
Note that the actions of U^(l),U^(n) on each preserve the Gaussian measure. 

We denote by U^(1)\T^^ and F'^^”/17'^(n) the quotient mm-spaces of (F^, || • ||, 7 ^^) and 
II • 11 , 7 ^^") by the 17^(l)-Hopf and U^(n) actions, respectively (see Dehnition l2.18p . 






'4^ 


vN 


vN 


j’^(B) = (27r)-"^/2 


exp 


'B 












HIGH-DIMENSIONAL METRIC-MEASURE LIMIT OF STIEFEL AND GRASSMANN MANIFOLDS 11 


Then, the sequences {U ^and /U ^are both monotone increasing 

with respect to the Lipschitz order. Therefore, the associated pyramids converge weakly to 
the D-closure of the unions, 

-n -□ 


Vi 


uF(i)\r° 


Ul 


[/F(i)\rivf’ 


Vi 


r°°^/UF{n) 


Ul 


r^^^/UF(n) ’ 


A=1 A=1 

respectively. We remark that for each positive integer n the quotient mm-space of (M^^, || • 
11,7^^"') by the f/^(l)-Hopf action is mm-isomorphic to whose associated pyra¬ 
mid converges weakly to as —?■ oo. 

Let us close this section with two approximations related to the Gaussian measure. 

Proposition 2.29 ([HI §11]). For any /,n G N, linim^oo = 0. 

Proposition 12.291 is a generalization of the Maxwell-Boltzmann distribution law. 

Proposition 2.30 (Stirling’s approximation). LetV he the Gamma function. There exists 
a decreasing function p : (0, cxo) —)■ (0, cxo) such that 

rW-2^.v7(:)V- « = 

3. Relation between Gaussian space and Stiefel manifold 
For any e,r > 0 and m G M, we set 

A^{r)e := B,r (S^~\r)) = {x G | (1 - e)r < ||x|| < (1 + e)r}, A™ := 

In this section, we hrst provide a sufficient condition for {em}m=i being lim^^oo 7™'(^^) = 1- 
Using the sufficient condition, we prove that the Prohorov distance between and 
does not vanish asymptotically (see Theorem II.4p although " concentrates around ^ 
(see Theorem 13.4p . where we regard ^ probability measure on via the natural 

embedding C 

3.1. Behavior of Ganssian measure. Gonsider the function 

_ vol(S"-(l)) 1 ^ 277 ^ 

' ' (27r)”/2 r(m/ 2 ) 

which is the density of the radial distribution of the m-dimensional Gaussian measure. This 
satisfies 

g-p(m/2) 


9m{r) < gmWrn - 1) = 


vr 


1/2 1 _ 


1 \ (m-l)/2 
J- \ m—>-oo J- 


m 


-4 


TT 


by Lemma [2inni Moreover, — 1) is monotone decreasing in m. We directly compete 

(3.1) 


’•(l-l-e)Vm—1 


7™(24r) = 


g-p(m/2) 


/ 9m{r)dr < 

' {l—e)y/m—1 \/'^ 


1 \ {m-l)/2 _ 

gi/2 [ -j . 2eVm — 1, 

m J 


(3.2) 






9m{r)dr 


9m{r)dr. 


(1+6' m 


We provide a sufficient condition for {em}m=i ^^ch that lim^^.! 7™'(^^) = 1, based on the 
idea of m Lemma 6.1]. 
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Lemma 3.1. The zero to of the function given by 


G{t) := e 


■ = _ 


t e 


is unique and lies in (0,1). 

Proof. The lemma follows from the intermediate value theorem and the following properties 
G'{t) = + 1), G'(O) = 1 - ./^ < 0 = lim G{t) < G(l). 

y 2 t^oo 


□ 


Remark 3.2. If we set 
G+(r) := _ 


g-(Vm=T-s)2/2^^ ^ g-(rVm-l)2/2 _ 


e ^ 




' ry/m—1 


G-(r) := 


“(1—r)V"i—1 


_ g-hVm-l) /2 _j_ 


r>r.ym—1 


' \/m-D 


e ® /^ds, 


then G“ (r) > G+(r) = G{ryjm — 1) always holds and G+(r) > 0 if > tg. 

Lemma 3.3. If lim^^oo — 1 = oo, then lirnm^-oo = 1- 

Proof. Since we observe 

d I df m — 1 

— hggm{r)l^^ = 0 , —hggrr^ir) = -1 - < - 1 , 


it holds for any r > 0 that 

\oggmir) - loggmiVm- 1 ) = 


dr"^ 

ds'^ 


\oggmis) ) dsdt 


< 


/ (—l)dsdt = --{y/m — 1 — r)^, 


providing < dmW'^ ~ 1) exp(—(\/m — 1 — r)‘^/2). We deduce from this and Remark 

13.21 that if ~ 1 > then we see 




9m{r)dr < g^{\/m - 1) 






'0 


< grnWm - l)e 

gm{r)dr < g^iVm - 1) 


— 1 /2 




(1+6 m Wm-l 


J (l+£^ m )Vm-l 


This with fl3.2p leads to 

liminf (1 - 7 ™(kl™ )) < liminf = 0. 

m / yyi^QQ y I 


rri^oQ 

The proof is completed. 


□ 
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3.2. Prohorov distance between 7 ^^"^ and 


Proof of Theorem l.f. By the definition of the Prohorov distance, it holds for any Dj^ > 
that 


1-Dn = - D 


N 




npf 


< 


g-p(A^/2) 


1 


TT 


^ N (A^^-l)/2 


NF 


riN 


■2D 


N 


where we use the property that C in the second inequality and 

the last inequality follows from fld.ip . Since 


(m-l)/2 ' 


l_(„_l)(_ + _ + o 


I""' - t) 

and e(l — > 1 for any m G N, the property < N < implies 

1 < Itamf {d„ + {^>7 + 


= j + o(l) 


providing lim infjv^oo-Dv > 0. Since D;^ > is arbitrary, we conclude 

liminfTv^-oo dp( 7 ^^”'^,> 0. This completes the proof. □ 

3.3. concentrates around Xf^^. Given a function 9 : ( 0 , cxd) —)■ (0, oo) and e > 0, 

we define the {e, 6)-approximation space Xfj^^^ Q of Xf^ ,^ as 


IkdIeAf, 


Zl Zr, 


\Zl\\ \\Z„ 


^N,n,e,e ■— I (^1) • • • ) Zn) G ^Ar,n 
where we identify with 

The purpose of this subsection is to prove the following theorem. 
Theorem 3.4. Suppose that a sequence {n7v}?^=i C N satisfies 

1—a^ 


< 9(e), 1 < I < m < n > , 


(3,3) 

sup 

21ognjv - Y • 

(-)' 

N ' 

V * 

\nNj 

and put 


Pn 

■— log(V-l) 

On ■ = 


\—aN 


If we choose a function 9 : (0, cxo) —)■ (0, oo) as 

5e‘^{l + e) 


(3,4) 

then we have 


9(e) : = 


(1 — e) + 5£^(1 + £) 


1/2 


lim eN = 0 , lim 7 ""^(X^ g) = 1 . 

A-4CXD N^OO JVI ivi 
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In the case that 


(3.5) 


sup 2 logUAT — 


a' N 


N 



< oo for some a' G (0,1), 


the statement also holds true if we set '■= (1 +pAr)/4. 

Note that fl3.5p coincides with (*) in the introduction. In the rest of this section, we 
always suppose fl3.3p or fl3.5p . Note that 03.31) follows from 03.51) (see Remark l3.10f[ai)(rbl) ) 
and (1 +pAr)/2 < 1 — Pat is equivalent to pat < 1/3. It turns out that 03.31) (resp. 03.51) 1 is 
equivalent to 


a' IN-I 


sup < exp —— 


N 


Un 


1—a' 


< cx) resp. sup < exp — — i 


a' N-1 


< oo 


N 


n 


N 


which yields for any r > 0 that 

(3.6) lim (N - = Um f = 0 (resp. lim (N - l)d3p^-i) ^ _ 

N^co N^oo y TV — 1 y V N^CO J 

We may assume that un ^ TV — 1 without loss of generality. We in addition assume that 
Pa < 1/3 if 03. 5 p is satished. In this case, hnUN — 1) < < 1 holds for any G M. 

To prove Theorem 13.41 we dehne hi,eN,i,TN^i for 1 < / < — 1 by 

^at : = 1 — £n, 

£n,i : = 1 — (1 — b^SN) 

1 


TV- 1 


(iV-/)-l 


( 


Tni '■ — 


(Af-0-1 


bfq£N\/ N — 1 


I 


+ y(iv -/) -1T ’ 

{^N — ^N,l){^N + ^N,l + 2 ) 


{N-l) 

I 


-((1 + — (1 + ^N,iY) 


1/2 


Lemma 3.5. The sequence {^Ar/jA^i ^ is monotone decreasing and £n,i < £n- For any 
1 < I < Un — 1, we have 

lim Ejsf = 0, lim £nV— 1 = oo, lim £n,i\/{N — l)^ — 1 = oo, lim = oo. 


N^oo N^oo N^oo 

Proof. The hrst statement follows from a direct computation as 

1 1 


N^OO 


£n,i-i — £n,i — (1 “ b]sfeN)VN — 1 
£n — £n,i = (1 ~ bj^ej^f) 


y(iv - /) -1 \/iv^ 


> 0 , 


N -1 




— 1 I + eAr(l — bj^f) > 0. 
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It follows from fl3.6jl that limAr^oo^A = 0. We moreover have 

1 — a + apN ^ 1 ~ o 


log(7v_i) £nVn^ - 1 > log(^N-i) £nVN - 1 = - - 


> 


1 ^ 1 
4 - 6 


for (|3.3|) . 
for ([23]), 


log(A-l) 


£A(iV-l) 


> log(A-l) 


4(iv-i) 


Un Un 

These and fl3.6p together yield that 


= 1 — 2aiy — pn = \ I — 3pN 


(l-a)(l-pAr) for (I23|), 


for (1331) . 


lim EnVN — 1 = oo, lim ^ = oo, lim ——— = 0. 

N^oo N^oo Tl]\f A—>oo E]\f[N — 1) 


Since we observe that 

£n,1\/ {N — 1)^ — 1 > EN,nff-l\/N — riN 


(3.7) 


(3.8) 


= EnV iV — 1 ^]sf — 


^/N^ 


un - I 


2 _ 


rpZ _ 


I 


+^N-UN En{N-1))' 
{en — £n,i){£n + £n,i + 2) 


> . .„(1 - M . 2 > 2?~('V - 1) 


un un — 1 iV — 1 ’ 

we have limAr^oo £A,i \/{N — l)^ — 1 = oo and limTv^oo = oo. This completes the proof. 

□ 

Corollary 3.6. For all sufficiently large N, we have 

E]\f^i y/ [N — l)^ — 1 > a'EN'f N — 1, 1 ^ ^ nj^ — 1. 

Proof. By (13.7p . we have 

y/N — 1 — I 


£n,i\/{N — l)^ — 1 > £jv\/— 1 - 

Then the corollary follows from the fact 


lim b 


y/N^ +VN-UN £n{N-1) 
Un -1 


N^oo ^ \/N — 1 + ■\/N — riTv £n{N — 1) 


= 1 . 


□ 


To compute n e e)^ regard U^{N) as a subgroup of f/®(iV^) (see Lemma 

lA.ip and put 




iN^ 


l^mll ||^Z+l||/ 


< 0{e), 1 <m < I 


for any {zi,..., Zn) G q and 1 < Z < n — 1. We then have 


7 [^N,n,e,e) — 


d^^^{Zn)---d^^^{z2)d^^^{z,) 


Nf 




ZiGA^^ Jz2eAff'[zi] J ZnEAff [zi,...,Zn-l] 
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Choose U G U^{N) satisfying that (em, Uzi) = 0 for any pair (m, 1) with m > 1. According 
to the ?7®(A^'^)-invariance of 7 ^^, it holds that 


7 


( aN,F 




Ia,---,zi])) = 't'^'{A2g[Uzi,...,Uzi]). 


A,Fr 


Lemma 3.7. For any I < I < un — 1, if we choose 6 as in fl3.4p . then we have 


(B^(r„,,))' X c A';f,\Uzu .... Uz,], B^(T) :={zGF\ ||x|| < T}. 

Proof. Given any 

:= (w„...,w,) e (s^(r„,,))' cF\ c e 47 ''' c f' 


W 


?N-l 


we prove Zi+i := (wX) ^ by the following computations: 

iiz,+iir = ikir+iicir < KTN,if +( 1 +e,v,z)^((iv - If - 1 ) 

= { f-f-i + (1 + ""-7} ((iv - O'' -1) 

< (1 + SNfiiN - If - 1) < (1 + eN)\N^ - 1), 

IkwII > IICII > (1 - e^,)f{N-lf-l = (1 - bnSN)^ f{N-lf-l 

> (1 - bnSffNF - 1 > (1 - effN^-l. 


Using the fact that n^/^N — 1) < < 1, we hnd for 1 < / < — 1 that 

£n - £n,i _ (v-7)-i - l) + £v(l - bf 


1 — £n,i 


(1 — bjsfsf^J 


N-l 


= 1 


I 


N-l 


+ 


(N-l)-l 

£jv(l — bf 
1 — bjsfEisi 


N-l 


< 


I 


£Ar(l — bf Un 4 


< 


NI 


N-l ■ .^.i + yA-d-Wsy^. 

[En — SN,l)fN + £n,1 + 2 ) 


(1-En,i?{{,N -l)-l) 


(1 — £n,iY 

^ 7£^(£Ar + Em,I ^ b£^(l + Em) 


d{ENf 


3(1 — Em,i) 


1 — Em 


1 - 6{em)‘^' 


This implies 




< 


1 - O^em)"^ 
e{EM)^ 

1 - e{EM)‘^ 


[l-e^^f[[N-l)-l) 


{1-Em,i)\{N-1)^-1)< 


0{en)^ 


1 - e{EM)^ 
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which leads to ||tc|P < 6*(eAr)^(||t(;||^ -|- HCIH = ^(^iv)^lkz-i-ilP- By the Cauchy-Schwarz 
inequality, for any 1 < / < niv — 1, 


(3.9) 


Uz^n Zi^x \ 

\\uzm\y ikz+iii / 


U Zyi 


w \ 


\\uz^\y \\zi+i\\ / 


< 




Ikz+ill 




'^N,l ■ — 


if 1 = 0, 

ifl^o, 


We thus obtain zij^i G A^^q\U zi,... ,Uzi\. This completes the proof. 
Lemma 3.8. For 0 < / < — 1, we set 

' 1 - 7 "' (<) 

1 - 7 "' X t;,:'* 

We then have limAr^oo = 0. 

Proof. Putting 

V"«) if/ = 0, 


□ 


:= m&x{v^i I 0 < / < Un — 1}. 


F 

(^N,i ■— 


Pn,i ■■= 


0 if / = 0, 


we see 


Vn.i 


AZ 


= (1 - <,) (1 - + 1 - (1 - < (1 - <,) + w _ 

and it suffices to prove 

lim niv(l - aff i) = 0, lim n% ■ (3^1 = 0 

N—>-oo N—>-oo 

for any 0 < / < riAr — 1. Since we have liniAr^ooD^i = 1, hniAr^oo= 0 by Lemmas 13.31 
and 13.51 the lemma holds true if sup^n^v < 00 . 

We consider the case where limjv^oo "Ha = 00 . Set m := {N — l)^. By fl3.2p and the proof 
of Lemma 13.31 we have 


For large enough N, Corollary 13.61 implies 

{£N,iV'm — 1)^ > a'^ • • (iV — 1) = a'^(iV — i)-2“iv+i > 

and m = {N — l)^ —)■ 00 as iV —)■ 00 , so that we have 

njv(l - a^i) < {gmW^ - 1)} ' 2(n7ve"“'"’"'^) 0. 

Let us show limAr^oo = 0. Assume that N is so large that 

1 


N -un . , N 

- - >a - 

riA - 1 


Un 


If we set 


Rn — 


which diverges to inhnity a.s N ^ oo, then we observe from fl3.8p that 

^ 1 0-2 ^ ~ ^ p2 

~ - 4 ■ ^'"7 ■ TTTT a 

Hence we conclude that 
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which implies that for jS := 7 ^(i?®(i?Ar)) e [0,1], 

< 1 - (7'(B''(iiN)))'““'' < 1 - /S- = (1 + + /3)(1 - ^<) < 4(1 - 




^/“^dr = 


-t 


J Rn 

1 -t 1 

e 


^ Jr\I 2 Vi 


dt 


n Vi 


t=oo 


+ 


L r 


t=R%/2 V^ Jr%/ 2 2tVi 


71 R 


If the assumption 03.31) holds, then we see 


nl ■ Idfji < 4n^(l - V{B^{Rn))) < 4W-—n^exp 

V vr Riq 


2 1 


4 V 


■N 


1—a ' 


N^oo 


»0. 


Under the assumption 03.5p . we find that 
Vn • < 4 ? 7,^(1 — V{R^{Rn))) < 


2 1 


■N 


-n^exp 


a' N — l\ N^oo 


> 0 . 


n 


N 


This completes the proof. 


□ 


Proof of Theorem \3.4\ We already observe limjv^oo ffw = 0 in Lemma 13751 We apply Lemma 
13.71 to have 


7 






• • • > ^n.-l])d7"^ (U) 








^nj^-1 6Af/Pi ■) ■ ■ ■ i^n—2\ 




7"^ K;;:,[zi,...,^„,_2])d7^ {z,) 

njv —1 x , N ?ijv —1 

>7"(<) X n X 7<''-"'(A7'’') } = n (1 - “b) S (1 - 


_2 e hn ■ • •-3] 

, njv-l 


(=1 


Z=0 


By Lemma [3781 we have limjv^.oo(l—= 1- This completes the proof of the theorem. □ 
Remark 3.9. If we choose a function 6 : (0, cx)) —)■ (0, oo) satisfying 


jin^7" = 1 


1 

with the use of Lemma 13771 then by 03.91) . the angle 6 is required to satisfy 
d{eNY > sup II w e , ( e 


WiwXW 


IT'i 

Vi 


lTV + il-eN,imN-ir-l) 


= 1 + 


{l-eN,i)\{N-lV-1) 


jrp2 

“A,/ 


Remark 3.10. Let us comment on the conditions 03.3p and 03.5p . 
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(a) If 03.31) (resp. 03.5^ 1 holds, we then have liniAr^oo = 0 forp* = 1 (resp. p* 

however the converse does not hold in general. Snch an example is 


un ■ = 



p* 

+ 1 


1/3). 


where [x] is the largest integer not greater than x. 


(b) For p > 0, we see that the condition = 0{N^) implies limAr^ooPv < P- If moreover 
p < 1, then 03.3p is trne, becanse there exists c > 0 snch that 


snp 

N 


2lognN - — 



< snp 

N 


2plogiV + 21ogc - j I < oo 


holds for any a, a' G (0,1). Similarly, if p < 1/3, then 03.Sp is trne. 

(c) If hn = o{N{\og N)~^) for some A > 1 , then 03.31) holds trne with a = {A — l)/A and 
any a' G (0,1), becanse there exists Nq eN snch that 


nN 

N 


(logiV)^ < 



A 


for any N > Nq, implying 


snp 

N>No 


2\ognN 



< 2 snp 

N>No 


\ogN — A log logN + A log — — log < oo. 


It is impossible to rednce the condition A > 1 to A = 
For example, if we pnt 


Un ■ = 


N 

log N log log N 



1, namely rijv 


then this satishes = o{N(logN) ^), bnt does not satisfy 03.31) . 

(d) We similarly derive 03. 5 p from = o(iV^/^(logiV)“^/^). 


o(iV(logiV)-i). 


4. Proof of main theorems 

4.1. Strategy of the proof. The idea of the proof of Theorems 11.11 and 11.21 is based on 
that in the case of n = 1 in Cl. The following lemma plays a crncial role in the proof. 

Lemma 4.1. Let {1^7v}?/=n be sequences of mm-spaces satisfying the following 

conditions: 

(Cl) Vy^ converges weakly to a pyramid Voo as N ^ oo. 

(C2) For any iV, / G N with N > I, there exists a 1-Lipschitz map p^ : —)■ T) such that 

limTv^oo dp((pf)#iaxj^, PYi) = 0. 

(C3) For any N eN, there exists a subset Yff C Tat such that 

(a) hmAr^oo/iy^(F)(r) = 1, 

(b) there exists a Lipschitz map 4)^ : t Wat pushing '■= (Fyn0^n))~^ 

forward to pxn that its smallest Lipschitz constant tends to 1 as N ^ oo. 

Then Vx^ converges weakly to Voo as N ^ oo. 
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Proof. Theorem 12.2211^ ensures the existence of a subsequence ‘T such 

that converges weakly to a pyramid V as m ^ oc. It suffices to prove V = Voo for 

any such V. We deduce (Q^ from Voo C V. 

To show the converse including relation V C Voo, let us regard = (Y^^, dy;.,, as an 
mm-space. By (CEa]), we compute 


lim drv(/iy^,/iyv) = ^ 

N^OO ^ N—^OO Z 


/ 

ly' 

7 , 1 

Jyn 

TyAYn) 


d^lyj. 


= lim (1 

N^oo 


PynO^n)) — 0 ) 


stands for the indicator function of Yf^. This with Corollary 12.231 implies that 


where 1 

the pyramid associated with converges weakly to Vo 
Lemma [2.21f 11 leads to V C Voo- 


Combining this with 


and 

□ 


Corollary 4.2. Let be two sequences of mm-spaces as in Lemma [^T7 

Let G be a group acting isometrically on X]y,Y]y satisfying the following conditions. 


(CT) The quotient space Yjy ofYjy by the G-action is monotone increasing in N with respeet 
to the Lipschitz order. 

(C’2) pf, are both G-equivariant. 

(C’3) Yj(r is G-invariant {i.e., G -Yff = Yf^). 

Then, the pyramids associated with Xjy, Yjy both converge weakly to a common pyramid as 
N —)■ oo. 


Proof. Due to Lemma I2.21lf 2l with (CH]), {YArjAr satishes (CH]). Combining (CE]) with 
Lemma 12. 171 yields that {pf)#fixN converges weakly to fly^. Lemma 12. 161 with (Cl2]) ensures 
that the Lipschitz constant of pf is 1 and that of tends to 1. Combining (CEj) with 
(CED leads to = px^- By (CED, we have py^{Y^N) = piy^{Y^). Thus {XArj-Ar, {Y]y}N 

satishes all the conditions (C[T]-EI), which completes the proof of the corollary. □ 


Subsection lU is devoted to construct a Lipschitz map ■ ^N,ne,e ^N,n with 9 

dehned in fl3.4p . for which the smallest Lipschitz constant tends to 1 as iV —)> oo, with the 
help of the polar decomposition. In Subsection 14.31 we demonstrate that the normalized 


push-forward measure of ,e,e by coincides with . We hnally apply 

Lemma 14.11 and Corollary 14.21 to prove Theorems 11.11 and 11.21 for 


Xm = X 




Yjv = r 


N^n 


V' — 

^ N — ^N,nM,£N,e-’ 




Ni 


^ ^N,n,F 

£,0 


4.2. Lipschitz map from to 


4.2.1. Nearest point projection. Let us hrst describe the relation between singular values and 
polar decompositions as well as in the case of F = C proved by Li [10] . In the case of F = H, 
we should take account of the fact that tr(ZlY) 7 ^ tr(lYZ) may happen. For N > n, set 


:= 


In 

Ov—n,n 


e M: 


N,n- 


Lemma 4.3 (cf. [IHl Lemma 1, Theorems 2, 2A]). For any Zi,Z 2 G let 

Zi = QiFi = DiAiY;, Y2 = Q2H2 = D2A2Y2* 
be their polar and singular value deeompositions. We then have 

\\Zi — Y 2 II > A||Qi — Q 2 \\, a := min{A„(Yi), A„(Y 2 )}. 
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Proof. For U := U;Ui eU^{N),V := VfVi G f/^(n), we see that 

||Zi - Z 2 II = WU^A^Vf - U2A2Vf\\ = ||f/Ai - A2^I1, IIQi - Q2\\ = \\UI^ - />||. 

So it suffices to prove ||t/Ai — A 2 i^|| > A||t//^ — InV\\. Setting 

Sj := (Aj, 0N,N-n), I '■= {In ^ ^N,N-n), A := Si — AJ, 5 := S 2 — AJ G 

K:= fn ^ V"") {f)-.= 2Re{UI-IVn,UA-BVn). 

\yN-n,n J^N-n J 

we have \\UI^ - I^V\\ = \\UI - IVn\\ and 

||t/Ai - A 2 Vf = ||?7Si - SsKir = A\UI - IVnf + \\UA - BVnf + A x 
Thus it is enough to prove the non-negativity of (jj), which is expressed as 
(tt) = tr [{IW - V:i)UA + AU*{UI - IVn)] 

+ tr [{-lU* + V:i)BVn + V:B{-UI + IVn)] ■ 

Using the assumptions that U, Vn are unitary and A,B,I are real diagonal, we compute 
tr(/A) = ii{IU*UA) = tT{AU*UI), tr(/5) = tr(U;J514) = tr(l/*5/14). 

If we set X = {x'f')i<rn,i<N ■= VflU^Y = {yl^)i<m,i<N ■= '^*I^n-, then we observe that 
{ti{AU*IVn)y = ii{VfIUA) = tr(A:A), {ii{Vf BUI))* = ii{IU*BVn) = ii{YB), 
which leads to 


(tt) = tr [(2/ - (X + X*))A] + tr [(2/ - {Y + Y*))B] 

n n 

= 5^(2 - ni + {x\mx,(Z,) - A) + - (p! + (ylmxiiz,) - A). 

l=l l=l 

We moreover hnd Ai(X) < 1, which together with Remark 12. 261 21 implies 

Ai(X + X*) < Ai(X) + Ai(X*) < 2. 

Since X + X* is Hermitian, there exist P = (p™)i<m,z<A G U^{N) and with 

l^ml = Am(X -|- X*) such that X + X* = P* diag(^i,..., ^n)P, which implies 

N N 

2M4)=x‘ + {x‘r = J2^prrupr < = 2 . 

m=l m=l 

The same argument proves Re(i/™) < 1. This together with A/(Zi), Xm{Z 2 ) > A implies 

n n 

(J) = 2 - Re(i!))(A,(Z,) - A) + 2 - Re{y‘,))(MZ,) - A) > 0. 

Z=1 Z=1 

This completes the proof. □ 

We next show that the scaled polar decomposition is the nearest point projection from 
to Xf^ even if the decomposition is not unique. 

Lemma 4.4. Let Z = QH he a polar decomposition of Z E For any r > 0 we have 


min 


\Z-rQ'\\ = \\Z-rQ\\ = 




^(\,(Z)-rr- 


1=1 
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Proof. Let Z = QH = UAV* be polar and singular value decompositions of Z. By Theorem 
12.251 we have 

n 

\\Z - rQf = \\Ukr - rQW = ||A - rWQVf = ||A - r/"|| = - r)^ 

1=1 


implying the last equality in the lemma. For any Q' G we dehne X = 
and Y G as 

byt := rU-Q'V. 

We then have X*X + Y*Y = r^In, hence Re(x;) < ||a;;|| < r, and 


Z-rQ'\\ = \\A-rU*Q'V\\ 


X -X 
-Y 


X :=diag(Ai(Z),...,A„(Z)). 


A direct computation proves 


(X -X 

V 


ii(A'-^)ir + rir 

II (A' - r4) - (X - rX)f + - X*X} 

II A' - rinf + tr{A'(r4 - X) + (r4 - X*)A'} 

n n n 

J2(\i(Z) - ry + 2^ A,(Z)(r - Re(xj)) > ^(A,(Z) 



which completes the proof. 


□ 


In the same way as for Xf^^, we dehne an (e, 0)-approximation space U^in)^^ of U^{n) = 

vL by 


U^{n)efi := < (zTi, . . . , zTn) G 


|Zi|| - 1 < 


Zl Zr, 


< 9{e), 1 < I < m < n 


Ikdl’ Ikm 

Corollary 4.5. For any n G N, e > 0 and a function 9 : (0, cxo) (0, cxo), we set 

L{n,e,9) := sup min ||hF —Q'||. 

WeUP{n)^^e Q'&u^{n) 


Then, for any N >n and Z G we have 

Xn{Z) > -I-{I- L{n, 8,9)). 

Proof. For Z G let Z = QH = UAV* be polar and singular decompositions of Z. 

Set A' := diag(Ai(Z),..., A„(Z)). It turns out that 

W' := , ^ (XV*) G U^(n),0 

VN^ - 1 
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and W = V* ■ {VW) is a polar decomposition of W. We conclude that 

- \n{Z) < IIZ - y/N^-1 ■ Qll 

= U ■ -1-U- ( ^* ] = -1-\\W'-V* 

\'JN-n,n J yJN-n,-)! J 

< \/— 1 sup min \\W — Q'\\ = \/ — 1 • L{n, e, 6), 

WeUP(n)^^e Q'&U^in) 


where we apply Lemma 14.41 for r = \/N^ — 1 in the hrst inequality and for r = 1 in the last 
inequality. This completes the proof. □ 

Corollary 14.51 implies that if L{n,e,6) < 1, then the map 

■■ Kn,e,e Q^{Z) e 

is well-dehned, where Z = Q^{Z)H is the polar decomposition of Z. 

Lemma 4.6. Assume L{n,e,6) < 1. Then, the map 

3 Z ^ ■ Q^(Z) 6 

has Lipsehitz eonstant at most (1 — L{n,e,9))~^. 

Proof. For any Z, hF G ^ Lemma 14751 and Corollary 14.51 together imply 


1$ 


N,n,F 

e,6 


(Z) - = UiV"-! ■ ||Q''(Z) - Q‘’{W)\\ 

VN^ - 1 


< 


min{An(Z), A„(hF)} 


|Z- fF|| < 


1 — L{n, e, 6) 


|Z-1T||. 


□ 


4.2.2. Condition for L{n,e,6) < 1. Giyen any 5 > 0, we dehne the positiye monotone 
increasing functions on [0,1) by 


<^5(s) : = 

Moreoyer, for any a G [0,1], we set 


(5 + sf 
1 — s 


RAs) := 


2{S + s) 
1 — s 


Si = Si{S) := 


0 


if / = 0, 


Sl-I + ips{si-l) a 1 < I < Ha, 
na = na{d) := max {n G N U {0} | Sn{S) < a} + 1. 

It follows that Si(5) = (5^ and s„^_i < a < Sn^. 

Lemma 4.7. For any 5 > 0 and a G [0,1), we have 

O' \ 


a 


logi+R,M j < n^{6) < logi+jj^(o) (1 + ^<5(0)^2 

The last inequality also holds true for a = 1. 


+ 1. 
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Proof. For 1 < / < no- — 1, we observe that si < a and 

^ ^ I I ^ (<5 + S/_i + </35 (sz-i))^ ! \(^ ^ 2(5 + 5;) 

^4^.) = (1 + 

RM < < R,(o), 

1 - Sz 

and thereby, 

Sz+I = Sz + Ph{si) < Sz-l + +5(sz_i)(l + (1 + -^^(cr))) 


< 




m=0 


In the same way, we estimate sz+i from below and conclude 
(4.1) 


(1 + i?5(0))'+i -_1 < (1+ - 1 


i? 5 ( 0 ) - 52 - 

Combining this with s„^_i < a < yields 

(1 + i^,(0))---^ - 1 ^ 5.,-i g ^ ^ (1 + /g,(a))-- - 1 

Rs{0) - 52 ^ ^2 - ^2 - 

which provides the desired result. □ 

Lemma 4.8. If 0 < c < 6^, then n„{6) = 1 and for 6^ < a < 1 we have 

n„{6) < 1 + ^. 

Proof. The hrst claim follows from the dehnition of no-(5) and the fact si = 52 . in the case 
of 52 < cr < it suffices to prove by Lemma 1+71 that 

logwR,(0) (1 + «40)^) < ^ ^ (1 -I- < (1 -I- flj(O))'-"'''"'. 

This follows from the monotone increasing property of r 1 —)■ (1 + 1/rY on (0, cxo) and the 
condition 

52 1 

< 


aRs{0) RsiO)' 


The proof is completed. 


□ 


We next consider the different expression of si{6). For 0 < / < n^{6) with a G [0,1], we 


set 


0 if / = 0, 

Cl = Cl{6) := ^ Sm =0 


if 1 < / < ni(5). 

Em=o Cm 

Lemma 4.9. For 0 < / < no-(5) with a G [0,1], we have 

m=0 

In particular, the denominator of ci does not vanish and ci is well-defined. 
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Proof. We prove the lemma by induction on 1. In the case of / = 0, the statement is true 
since cq = 0 = sq. Assume that the statement is true for I — 1. We then have 

■5^ E E <=»+E <=» + = .,-1+ Ms,-.) = 

m=0 m=0 m=0 

ensuring the statement for /. This completes the proof. 


Sl-l 


□ 


Theorem 4.10. For any a G [0, l],n < na{6{e)), we have 


L{n,e, OY = 


sup 


W&Uf'{n)s^e Q'&UP{n) 


min IIIT — Q'If < ne^ + 


2 2 ? 7,(1 + e)a 


1 + \/l - cry 


Proof. For any Z = {zi,...,Zn) G U^{n)e^e, there exist P G U^{n) and G 

U^{n)s,e with ||f/|| = 1 such that 

Pp = IkzIlCu Cl = ei, cr := Ym, 0 = 0 if m > 1 . 

Claim 4.11. For 1 < m < n^{9{e)), if m < I < nfj{9{e)), then ||C™|| < 9{e)cmi9{e)). 

We prove the claim by induction on m. If m = 1, we then have Ci{9{e)) = 1 and, for I > 2, 


llC/ll = ||(ei,0 11 = 




-iL\ 


< 9{e) = 9{e)ci{9{e)). 


\\zi\n\p\\/ 

Let us assume that the claim holds true for any 1,... m — 1 with m < n(j{9{e)). We derive 
from the assumption and Lemma 14.91 that 

m—1 m—1 

\\& = IlCmll^ - IIC^IP > 1 - 0{ef ^ = 1 - Sm -1 > 1 - a > 0, 


a=l 


a=l 


providing 7 ^ 0. Since for any / > m we have 


m—1 


(u,ci> = E(C)*cr = Eio'cr + (oxr, ii (u.o) ii < m 


OL=l a=l 

/\\/^m\\2 


and the inverse of (Cm)* Cm/IICm If ? deduce from the claim for 1 ,..., m — 1 that 


IIC™II = 


c 


m 

m 


m—1 


lie 


mil 2 


(u.o) - E(c)'c 


a=l 


m—1 


< 


lie 


m 
m I 


9(£) + EiiGiiiicr 


OL=l 


^ 9(7 + 9(.;)E:r.T..IICII ^ 9(.;) (1 + (?(■;) ETt cj) ^ 


1 - EE'i'IICIP 


m-l _2 
a. 


where the last inequality follows from the monotone increasing property of each varieties of 

m—1 


(ri,..., rm-i) t-t 

Cl - 

This completes the proof of the claim. 

It thus holds for any 1 < I < na{9{e)) that 


9{e) + 9{e) ^ 


CryVr 


OL=l 


iic;ii = 




1-1 


1 - EIITP > 


m=l 




1-1 


1 - e(er- ^ cl(e(e)) = M - s,-Me)) > 0. 


m=l 
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Setting 


we see that 


p' ■= p* 


SL 

IICi^l 


rei, 




lia 


en e u^{n), 


min ||Z-Qf < llZ-P'p = V 

Q&U^in) ^ 




+ i-2ik,iiiic;ii) 


1=1 


< 


< 


(dk-ll - 1)" + 2|kdl - 2|k,ltVl-iiwW-:)) 

l=l 

X : (■:" + 2(1 + £)(1 - VT ^)) = 


1=1 


1 +VT 


By the arbitrariness of Z G U^{n)s,e, the proof of the lemma is complete. 


□ 


Remark 4.12. In Theorem 14.101 we estimate L[n, e, 6 )“^ from above by the snm of two terms: 
the first one is dne to the error of the lengths between each colnmn vectors Z G U^{n)c^e and 
Q^{Z), and the second one is dne to the error of the angles between each colnmn vectors Z 
and Q^{Z). If n^{9{e)) —)■ cx) as £ —)■ 0, then we reqnire O^e)"^ < a by Lemma 14781 Therefore 
the second term is larger than the hrst one if e < 0{e), which holds for the 6 defined in fl3.4p . 
This is according to the fact that the condition L{n, e, 6 ) < 1 guarantees that the rank of any 
elements in U^{n )^^0 equals to n, and the rank of a matrix is stable to the perturbation on the 
lengths of their column vectors, but extremely frail against the perturbation on the angles 
between their column vectors. Indeed, for sufficiently large n, there exists {xi}‘f2i ^ such 
that each angle between any two distinct vectors is close to 7 r /2 (cf. [U Theorem 6 ]). 

4.3. as a push forward measure of 7 ^^". 


Lemma 4.13. We have 




e ,6 


7 N,n,F 

where := 


7 


N^r 


VF 

'^N,n,e,e 




Proof. For any U G U^{n), it is easy to check that commutes with the M-multiplication 
and we have already seen the commutativity of with in Remark 12.261 11. This 
means that commutes with . In addition, the isometric property of U!^ enables 

us to regard G U*{N^m). We also have g = l^n {XN,n,e,e)- These facts with the 

f/*(iV^n)-invariance of 7 ^^" together yield that for any Borel subset B C 


7 


N^r 




F 

N^n,e^ 6 , 


/^N^n,F\ N,n,F/j jU/ tdW 

■ )#^e,e iW [B)) = 7 


N^r 


= 

= 

= 




By Proposition 12.281 this completes the proof of the lemma. 


□ 
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4.4. Convergence of pyramids of (projective) Stiefel and Grassmann manifolds. 

Lemma 4.14. Let 6 be a function defined in fl3.4j) . //liniAr^oo — 1)^ = 0, then the 

smallest Lipschitz constant of tends to 1 as N ^ oo. 

Proof. If L{nN,£N,d) < 1, then is well-defined and has Lipschitz constant at most 

(1 — L{nisf,eN,0))~^ due to Lemma 1^^ It thus suffices to prove \imisf^oL{nN,£N,d) = 0. 
We use the same notations in Theorem 13.41 as follows: 

Pat := log(jv_i) riAT, Oat := ^(1 Pat), eN-={N-l) 

We moreover define 


—«]V 


9n ■— 9{£n), Qn ■ — 


1 +Pa 


Pn + 


rr ■— 

aN ■— oj, 


'N 


It then holds that 


£n ^ ^ ^£n, Qn < 1, o,n{Qn ~ 1) — 7 ( Pv — 


(InQn — 7 Pn + 


lim nN£% = hm {N - = lim {N - l)(P^-h/2 = q, 

N^oo N^oo N^oo 


lim ^ = lim < hm 3^ < hni 3(iV — l)“^Oiv _ g 

N^oo 9 m N^oo N^oo N^oo 

where we use fl3.6p in the last inequality. 

Claim 4.15. For large enough N, we have 

O'N 


\aiv((?iv —1) _ 


UN < 7^ < n^^{9N). 


29]^ 


The first inequality follows from 

9^ 


nM-^= nN9'}fi < 3'?^njv£?7 < 3(iV - l)Piv-aiv9iv = gj'jy _ i)(3piv-i)/6^ 


'N 

O'N 


hence limsup^^go uat ■ 9jf/aN = 0. We derive the second inequality from Lemma Wff \ and 

1 


hm 


= hm 


9% 


N^OO R^^{9n) <TN-R(tjv(^n) 


= oo, 


hm (1 + <e^= hm 1 + K^{9n) 


N^oo 


, On 


The claim has been proved. 
The claim implies that 


N^OO 


O'N 


oi) 




lim unOn < lim 
N^oo N^oo 2 ( 7 '^ 


= 0 . 


For large enough N, we have, by Theorem I4.1UL 

L{nN,£N,dY < UNelf + , , r. - , 

1 -f Vl - ctat 

which proves limAr^-oo-hv = 0 as desired. This completes the proof. 


2 2 I 2nAr(l + £Af)<Lv 


□ 
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Proof of Theorem's \1.1\ and \1.2. We set 


Xm = X 




Ym = T^ 


n = Pi=^nn), $ 




<!> 


N,n,F 

e^6 


for the 9 defined in 03.41) and G = U^{1) or U^{n). We already check that the pyramid 
converges weakly to Vy°° as iV — )■ cx). It is easy to cheek the G-invariance of Y^. Since pf 
is 1-Lipschitz continuous and G-equivariant, the space Yat is monotone increasing in N with 
respect to the Lipschitz order. Proposition I2.29l implies that liniTv^oo dp{{pf)#T^XNi ^Yi) = 0. 
We conhrm that in Lemma [4.131 and is G-equivariant in Remark l2.26f 2L 

Theorem 13.41 implies lim7v^.oo i^yjv(^iv) = 1- The smallest Lipschitz constant of tends to 
1 as iV —)■ CX) due to Lemma 14.141 We thus apply Lemma 14.11 and Corollary 14.21 to obtain 


-^Pr-, '^Xf,^JUP(n) ^ T’roon/[;F(„), T’f/F (l)\roo , 

This completes the proof of the theorems. 


as TV ^ X. 

□ 


Remark 4.16. (1) Under the assumption fl3.5p . or more weakly limTv^oo n^/iV = 0, we always 
have liniTv^-oo 'no-jv(^w) = x for 6* dehned in fl3.4p even if liniTv^oo < cxo. This follows from 
Claim 14.151 and 


CTV 

hm = 

N^oo 


(2) Assume limAr^oo 


lim 9jf^^ > 3 lim > - hm {N — = cx). 

N^oo N^oo 3 N^oo 

= X. If we construct a pair of and 9 : (0, x) (0, x) satisfying 

lim ex = 0, lim g) = 1 

N^oo N^oo I 1 iv, 


with the help of Lemma 13.71 and we prove the convergence of Pj^f by using Lemma 14.61 


Theorem 14.101 and Lemma [4.11 where we set then the assumption 

lim = 0, 


N—>oo X — 1 


which is slightly weaker than fl3.5p . is a necessary condition according the following three 
conditions (a), (b) and (c). 

(a) As mentioned in Remark 13.91 if we use Lemma 13.71 then we require 

1 ^ 1 _|_ (^ “ ^A,niv-l)^((-^ ~ + 1)'^ — 1) 

(b) To use Theorem I4.10[ we need to assume nx < ^(t„j^{9x)- 

(c) By Lemma [4.61 and Theorem 14.101 we need 

lim nxCx = 0. 

N^OO 


By (jaj), we have 

(riAT — + (1 + £A,njv-l)^((-^ ~ + 1 )’^ “ 1 ) < (1 + 

providing 


X = 


hm r^„ 1 

AT^oo 


lim 

N^oo 


N-1 
nx 


1), 
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On one hand, if liniAr^oo ctn/6n > 0 holds, then we require, by (jcj), 

0 = lim nNCisf = lim riNOisf ■ 

N^OO N—^OO c^TV 

hence liniAr^oo= 0. On the other hand, if we assume liniTv^oo= 0, then we 
observe from (|b]) and Lemma 02] with limAr^ooii-A = oo that 6 *^ < and 

lim UnOn ■ — < lim f 1 + 7 ^^ • — = lim — + 1 < 2 , 

N^oo (TN^co y ^N J N^oo (T 

providing limjv^oo'HAr 6 ' 7 v = 0. We therefore obtain 


_ V 2 n 2 "^N 

Jv'-Ti) N -1 ^ {N - l)9l 


lim 


= 0 . 


N 


5. Asymptotic estimate of observable diameter 

For the proof of Corollary 11.31 we need the following 

Definition 5.1 (Observable diameter of pyramid; [IS])- Let k > 0. The observable diameter 
of a pyramid V is defined to be 

ObsDiam(P; —k) ;= lim sup ObsDiam(A; —(k + e)) (< +cxo). 

e^O-r x£p 

For any mm-space X we have 

ObsDiam(Px; —f^) = ObsDiam(A; —n) 

for any k > 0 (see [IS])- 

Theorem 5.2 (Limit formulas; [IS]). Let V and Vn, n = 1 , 2 ,..., be pyramids. If Vn 
converges weakly to V as n ^ 00 , then, for any a > 0, 

ObsDiam(P; —k) = lim liminf ObsDiam(P„; —(k + e)) 

£^0+ n^oo 

= lim limsupObsDiam(P„; —(k + e)). 

n—>-oo 

Theorem 15.21 together with [Ml Theorem 2.21] (see also Corollary [IH §5]) leads us to the 
following 

Theorem 5.3. IFe have 

ObsDiam(Pr°°; — 1 ^) = 2D~^ ^1 — 

for any k with 0 < a < 1. 

We are now in a position to prove the 

Proof of Corollary \l.tA (1) follows from Theorems II.II and 15.21 
Since ^ we have (2) and (4) from (1). 

We prove (3). Let / : Mf jU^{n) —)■ [0,+oo) be the function defined by f{z) := ||z||, 
z G M[^/U^(n). Note that / is an isometry. By using polar coordinates, we have 

d{f#^^^){r) = g^F{r) dr, 
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where gm is the function dehned in ^3.11 Since gm{r) < (? 2 ( 1 ) = e we have 

ObsDiam((Mj^^^/?7^(n), 7 ^”^); — a) > ObsDiam((M]^^/?7'^(?7,), 7 ”'^); —k) 

= diam(/^7"'^; 1 — k) > — k), 

which together with Theorems ll. 2 f l) and 15.21 implies (3). 

We prove (5). Since V— 1 >- it suffices to 

estimate the observable diameter of from below. By Theorems I1.2f 2l and 15.21 

lim ObsDiam(f/^(l)\X^ —k) = ObsDiam(P( 7 Fn')\roo; —k) 

> ObsDiam((f/'^(l)\F, 7 ^^); —k), 

where the last inequality follows from Pf/F(i)\r 00 3 (t/^(l)\F, 7 ^^), 1-^ = dimMF. We see 
that (t/^(l)\F, 7 ^’^) is mm-isomorphic to ([0, +00 ), 5 fiF(r) dr) and therefore 

ObsDiam((f/^(l)\F, 7 ^^); —k) = diaL.m{giF{r) dr] 1 — k) > — k). 

This completes the proof. □ 

Corollary II .3f 2l 131 together with Theorem [13 Theorem 1.2] implies the following 

Corollary 5.4. Let n be any fixed positive integer. 

(1) We have t^/'/X -3 0 as N ^ 00 if and only if {tNG^n} ® Levy family, i.e., 
converges weakly to one-point mm-space. 

(2) We have tj^/\fN -3 0 as N ^ 00 if and only if {tNG^infinitely dissipates, i.e., 
the associated pyramid converges weakly to X. 

Note that the same property for many other manifolds was already obtained in [T3 - 


A. Appendix: U^{N) as a subgroup of 
F or z := zo + zii -\-Z2 j +Z3 k G , we set 

R(z) := Zq, I(z) := Zi, d{z) := ^ 2 , K(z) := 2 : 3 . 

It follows that for z ■.= Zq + Zi'i +Z2] +23 k, w := Wq -\- Wii +tr 2 j +W3 k G , 

/^o\ / Wo\ , 3 

I = ^ziWi = Re{z,w). 

\W3j^ 


Zl 

Z2 

\Z3j 


1=0 


Lemma A.l. Define a map : U^{N) Mjvf(M) by 


0^{U) 


Ao\ 

Zl 

Z2 

\Z3j 


( ^(Uz) \ 
l{Uz) 
J{Uz) 
\K{Uz))J 


for Zq, zi,Z2,Z3 G where z := zo-\-zii +Z2i +Z3 k G F^. Then we have for U,V E U^{N), 

o^{u) G u^{N^), o^{uv) = o^{u)o^{v), o^{u*) = o^{uy. 
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Proof. For any 2 ; := Zq + Zi i+Z 2 i +^ 3 k,u' := Wq + Wi i+ta 2 j +iT 3 k G and U,V E U^{N), 
we compute that 

/^o\ /^o\ > , /^o\ / wo\ 


0^{U) 


Zl 

Z2 

\Z3/ 


,0^{U) 


Zl 

Z2 

\Z3/ 


= Re {Uz, Uw) = Re {z, w) = 


Zl 

Z2 

\Z3/ 


Wi 

W2 

\W3/ 



^Zq^ 


(Re{UVz)\ 


/Re(Vj)\ 


^Zo^ 

O^iUV) 

Zl 

Z2 

= 

\{UVz) 

ffiUVz) 

= 0^{U) 

l{Vz) 

3(Vz) 

= 0^{U)0^{V) 

Zl 

Z2 


\Z3) 


\K{UVz) yi 




[zsj 


implying the hrst two claims. We also hnd that 0^{In) = This implies that 

o^{uyo^{u) = In = o^{u*u) = o^{u*)o^{u), 

hence 0^{U*) = 0^{U)*. This completes the proof. 


□ 
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